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Abstract

A critical step for reliable large language models (LLMs) use in healthcare is to
attribute predictions to their training data, akin to a medical case study. This requires
token-level precision: pinpointing not just which training examples influence a
decision, but which tokens within them are responsible. While influence functions
offer a principled framework for this, prior work is restricted to autoregressive
settings and relies on an implicit assumption of token independence, rendering
their identified influences unreliable. We introduce a flexible framework that infers
token-level influence through a latent mediation approach for general prediction
tasks. Our method attaches sparse autoencoders to any layer of a pretrained LLM
to learn a basis of approximately independent latent features. Unlike prior methods
where influence decomposes additively across tokens, influence computed over
latent features is inherently non-decomposable. To address this, we introduce a
novel method using Jacobian-vector products. Token-level influence is obtained by
propagating latent attributions back to the input space via token activation patterns.
We scale our approach using efficient inverse-Hessian approximations. Experiments
on medical benchmarks show our approach identifies sparse, interpretable sets of
tokens that jointly influence predictions. Our framework enhances trust and enables
model auditing, generalizing to any high-stakes domain requiring transparent and
accountable decisions.

1 Introduction
The deployment of LLMs in high-stakes domains like healthcare hinges on a critical and unmet
requirement: the ability to audit a model’s reasoning by tracing its predictions directly to the evidence
in its training data. This need for verifiability is urgent, as LLMs are increasingly explored for clinical
tasks such as diagnostic support and treatment planning, where errors can have severe consequences
[Singhal et al., 2023, Topol, 2019]. Without this capability—akin to a clinician demanding the source
for a medical decision—LLMs remain unverifiable black boxes. Their tendency to hallucinate [Ji
et al., 2023] and their susceptibility to spurious correlations present in training data [Oberst and
Sontag, 2019] pose significant safety risks, undermining the trust required for clinical adoption
[Futoma et al., 2020, Ghassemi et al., 2021].

This fundamental need for evidence-based reasoning is not adequately addressed by prevailing
interpretability methods. Techniques like Chain-of-Thought prompting generate rationales that are
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often post hoc justifications rather than faithful reflections of the model’s true decision process [Turpin
et al., 2023, Barez et al., 2025]. Other popular approaches, such as attention visualization [Wiegreffe
and Pinter, 2019, Jain and Wallace, 2019] or gradient-based feature attribution [Sundararajan et al.,
2017a], are limited to explaining a single forward pass of a model. They operate within the context of a
given input, providing no insight into how prior training experiences shaped the model’s fundamental
behavioral patterns and knowledge [Feldman and Zhang, 2020]. This represents a critical limitation
for clinical deployment, where the ability to pinpoint the exact training evidence behind a prediction—
not just generate plausible-sounding rationales—is essential for medical professionals to validate the
model’s logic against established knowledge, fact-check its conclusions, and ultimately build the trust
required for adoption in safety-critical settings.

A principled framework for addressing this question lies in influence functions (IFs), a tool from
robust statistics that explains how a model’s predictions depend on its training data [Hampel, 1974].
This approach treats the model as an empirical entity shaped by its dataset, enabling one to trace a final
prediction back to influential training points [Koh and Liang, 2017]. Recent work has successfully
scaled this approach to modern LLMs, demonstrating its potential to reveal generalization patterns
by attributing influence down to the token level [Grosse et al., 2023]. However, a key limitation
persists: the IF framework assumes independence among the components of the objective (e.g.,
tokens in an autoregressive prediction task in prior work). This assumption is necessary for influence
scores to be meaningfully interpretable, as it ensures that the relative difference in influence between
components is well-defined. In practice, the tokens within LLMs are highly correlated. Thus, prior
implementations, while powerful, produce influence estimates that are theoretically unsound and
difficult to interpret [Basu and Echenique, 2020, Tsimpoukelli et al., 2021].

We introduce a robust framework that infers token-level influence on test predictions via latent
mediation, enabling more reliable influence estimation. Building on recent monosemanticity research
[Bricken et al., 2023, Templeton et al., 2024a] and disentangled representation learning [Wang et al.,
2024], our method leverages that neural networks decompose into semantically meaningful, inde-
pendent components. Our method generalizes to general prediction tasks by propagating influence
through disentangled latent spaces where features exhibit statistical independence, critical for reliable
influence estimation. Our contributions are fourfold:

1. Unified sample- and feature-level influence: We extend influence analysis beyond the isolated-
token paradigm of prior work to model the joint influence of tokens within training sample-
label pairs. By propagating influence from latent features to input tokens through their joint
activation patterns, we attribute predictions to specific token combinations in the training data
while leveraging monosemantic structure. Unlike methods treating neurons as atomic units, we
recognize meaningful computation occurs at interpretable feature level spanning multiple neurons.

2. Stable, independent feature extraction via sparse autoencoders (SAEs): We use SAEs [Gao
et al., 2024, Cunningham et al., 2023, Marks et al., 2024, Cong et al., 2023] as an interpretability
component to produce sparse, approximately orthogonal latent features at an intermediate layer.
We then compute influence scores with respect to these latent features, improving the stability and
interpretability of training-data attributions.

3. Scalable non-decomposable influence estimation via derivative swapping: Latent-level influ-
ence is holistically interdependent and lacks the additive decomposition of token-level approaches.
While naive Jacobian-vector product (JVP) evaluation requires an O(dl) forward-mode pass per
feature , we exploit Clairaut’s Theorem to swap the derivative order. This gradient-derivative
formulation restructures the computation into a single reverse-mode pass, reducing complexity to
O(1) and achieving a 10× to 20× practical speedup.

4. Large-scale empirical validation on medical and general reasoning: We evaluate our frame-
work on 1B and 1.5B parameter models (Llama-3.2 and Qwen2.5) across multiple QA datasets.
Rigorous necessity and sufficiency ablations show our method isolates compact, highly influential
circuits that systematically outperform activation magnitude and frequency baselines. Further-
more, qualitative evaluations successfully map predictions back to mechanistically aligned training
evidence.

By unifying data-level and feature-level attribution, our approach offers a principled pathway toward
transparent, trustworthy, and deployable LLMs for high-stakes domains, with additional potential for
large-scale training data auditing and diagnostics, which we further discuss in Section 5. Section 2
introduces our notation and preliminaries on IF and JVP. We then describe our method in Section 3
and evaluate its performance in Section 4. Additional related works is included in Appendix A.
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2 Preliminaries

Given a training dataset D = {zi = (xi, yi)}ni=1 i.i.d. drawn from an unknown distribution, with
input xi ∈ X and label yi ∈ Y . A model hθ : X → Y with parameters θ ∈ Rp is trained by
minimizing the empirical risk θ̂ = argminθ

1
n

∑n
i=1 ℓ(hθ(xi), yi), where ℓ(·, ·) is the loss function.

Influence Functions (IFs) In statistical estimation, the IF quantifies the sensitivity of an estimator
to infinitesimal perturbations in the data, under the assumption that the data are independent. This
concept extends directly to machine learning, where the high-dimensional “parameter” is the set of
weights θ̂ of a trained neural network—a complex function of the data shaped by the architecture,
loss, and optimizer. Once training is complete and the model parameters θ̂ are fixed, we can analyze
their local sensitivity to individual training samples. This is first formalized by the response function,
θ̂ϵ,ztrain , which describes what the optimal parameters would be if we were to infinitesimally upweight
the loss (by ϵ) on a specific point ztrain = (xtrain, ytrain) in the empirical risk. This perturbed objective
is defined as:

θ̂ϵ,ztrain = argmin
θ

1

n

n∑
i=1

ℓ(hθ(xi), yi) + ϵℓ(hθ(xtrain), ytrain), (1)

where the solution at ϵ = 0 corresponds exactly to the original pre-trained parameters: θ̂0,ztrain = θ̂.
The IF measures the sensitivity of these pre-trained parameters by computing the first-order Taylor
approximation (i.e., the derivative) of the response function with respect to ϵ, at θ̂. Under standard
regularity conditions, this can be computed using the Implicit Function Theorem [Krantz and Parks,
2002]. Let Hθ̂ = 1

n

∑n
i=1 ∇2

θℓ(hθ̂(xi), yi) be the Hessian of the empirical risk evaluated at θ̂, then

IFθ̂(ztrain) =
dθ̂ϵ,ztrain

dϵ

∣∣∣∣
ϵ=0

= −H−1

θ̂
∇θℓ(hθ̂(xtrain), ytrain). (2)

Influential Training Samples on Test Prediction Since IFθ̂(ztrain) is a high-dimensional vector, it
is often difficult to interpret directly. To obtain a more concrete measure, we convert this parameter-
space influence into a scalar quantity by measuring its effect on a specific model output. This is done
by projecting the influence vector onto the gradient of a chosen function, such as the loss or the logits
for a test example ztest = (xtest, ytest). Applying the Chain Rule, we can compute the scalar influence
of upweighting ztrain on the loss at ztest as follows:

I(ztrain, ztest) = −∇θℓ(hθ̂(xtest), ytest)
⊤H−1

θ̂
∇θℓ(hθ̂(xtrain), ytrain). (3)

This provides an interpretable measure to trace predictions back to influential training samples.

Influential Tokens on Test Prediction in Autoregressive Tasks In autoregressive tasks, the loss
function decomposes additively across tokens, which enables the direct computation of token-level
influence. This additive structure permits the gradient and Hessian in the influence function to be
similarly decomposed, allowing the influence of individual training tokens to be derived explicitly.
Let {x1, · · · , xT } to denote the T tokens in xtrain. Then, Eq. (3) can be rewritten as

I(ztrain, ztest) = −∇θℓ(hθ̂(xtest), ytest)
⊤H−1

θ̂
∇θ

T∑
t=1

ℓ(hθ̂(xt), yt). (4)

Thus, the per-token influence score is defined as [Grosse et al., 2023]:

It(ztrain, ztest) = −∇θℓ(hθ̂(xtest), ytest)
⊤H−1

θ̂
∇θℓ(hθ̂(xt), yt). (5)

Remark 2.1 (Problems with Existing Per-Token Influence). However, the decomposition in Eq. (5) is
restricted to an autoregressive task and implicitly assumes that the tokens in each training sample are
independent. This is violated in text, as tokens are highly correlated. Consequently, the influence
score for a token captures not only its own effect but also the confounded effects of correlated tokens
in its context. This entanglement breaks the core interpretation of the score as measuring the isolated
effect of a single token, rendering the estimates unreliable. To address this, we propose augmenting
the LLM with modified SAEs (Section 3), which enable influence estimation in a structured latent
space where these dependencies can be better controlled.
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Figure 1: Framework overview. Traditional influence functions operate in the input space, assuming
token independence and decomposable losses. Our method introduces a sparse autoencoder at
an intermediate layer, splitting the model into upstream and downstream parts. Influence is then
computed at the representation level using JVPs, enabling stable per-feature attributions and linking
test predictions to interpretable sparse features.

Jacobian-Vector Products This is a key technical tool that we use. Given a function F : Rn → Rm

and a direction v ∈ Rn, the JVP at x ∈ Rn is the directional derivative of F at x along v:

JVP(F, x, v) =
d

dε
F (x+ εv)

∣∣∣∣
ε=0

= JF (x) v, (6)

where JF (x) is the Jacobian of F at x. Intuitively, it answers the question: “If I nudge the input by
an infinitesimal step εv, how does the output change to first order?”

Modern automatic differentiation libraries (e.g., PyTorch, JAX, TensorFlow) can compute JVPs
directly without materializing the full Jacobian. Instead, they propagate the perturbation v forward
through each primitive operation (forward-mode AD), making JVPs scalable to high-dimensional
functions such as deep neural networks.

3 Methodology

We now detail our framework that infers token-level influence on test predictions via a latent mediation
approach, enabling more reliable influence estimation for general prediction tasks. This section
presents the core components of our approach: 1) augmenting LLMs with SAEs to obtain more
interpretable latent representations (Section 3.1), 2) computing influence scores over these latent
features rather than directly on input tokens (Section 3.2), and 3) efficiently implementing this
computation via Jacobian-vector products (Section 3.4) while maintaining the ability to propagate
attributions back to the input space. Figure 1 provides an overview of the complete framework.

3.1 Augmenting LLM with Sparse Autoencoders for Independent Features

We follow Bricken et al. [2023] and Gao et al. [2024] to define a sparse autoencoder that maps input
xl ∈ Rd at layer l into a sparse latent code r ∈ Rh through

r = σ(Wenc(x
l − bpre) + benc), (7)

x̃l = Wdecr + bpre, (8)

where Wenc ∈ Rh×d, benc ∈ Rh, Wdec ∈ Rd×h, and bpre ∈ Rd. The nonlinearity σ(·) is ReLU in
classical settings [Bricken et al., 2023] and TopK in modern settings [Gao et al., 2024].

Let rj be the activation of feature j, forming the basis for our feature-level influence analysis.
Remark 3.1 (SAE for Improved Influence Estimation). Classical influence functions assume inde-
pendent samples, an assumption broken by token-level representations, where strong sequential
correlations invalidate estimates. SAEs, by contrast, induce a latent representation comprised of
approximately independent features,1 each corresponding to a semantically meaningful concept.

1To promote orthogonality, we also experimented with adding an orthogonality constraint. However, since it
led to only negligible performance gains, we ultimately excluded this term.
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While these features are not strictly independent, their distributions are regularized toward compa-
rable sparsity patterns—significantly closer to the independent structure assumptions underlying
influence estimation. This alignment makes SAE-based latents far more suitable for influence score
interpretation than raw token-level attribution, where strong sequential dependencies violate core
requirements of the influence framework. Although influence functions technically require features
to be identically distributed for comparable scaling across components, this represents a second-order
concern. We expect SAEs to produce latent representations with more comparable distribution scales
than raw tokens, thereby providing more reliable influence estimates.

3.2 Influence Functions on Latent Representation

Classical influence functions applied directly to correlated text tokens (Eq. (5)) are problematic
due to strong sequential dependencies. To address this, we compute influence on latent features
rather than raw tokens. Consider an intermediate activation h(l) ∈ Rdl at layer l, which may
correspond to the output of an attention head, MLP block, or residual stream in a transformer [Elhage
et al., 2021]. Mechanistic interpretability studies suggest that such representations often encode
semantically meaningful features causally linked to final predictions [Wang et al., 2023, Meng et al.,
2022]. To attribute influence to individual neurons (latent coordinates) within the representation
rtrain (corresponding to h(l)), we must relate neuron-level effects directly to the training gradient that
appears in influence functions.

As illustarated in Figure 1, we split the model parameters into two parts: θ = (θ1, θ2), where
θ1 = {θ : θ<l} comprises all parameters up to and including layer l, mapping a raw input sequence
x to an intermediate representation r = hθ1(x); θ2 = {θ : θ>l} comprises the remaining parameters
after layer l, mapping r to the final prediction. By fixing θ1 and treating r as the input, the IF can be
computed with respect to θ2 alone—effectively attributing influence to the latent representation r
rather than the original tokens.

Let rtrain = hθ1(xtrain) and rtest = hθ1(xtest) denote the latent representation of the training and
testing inputs, xtrain and xtest, respectively. Define the corresponding latent-space data points as
zrtrain = (rtrain, ytrain) and zrtest = (rtest, ytest).

The representation-level influence function is defined as:

I(zrtrain, z
r
test) = − ∇θ2ℓ(hθ2(rtest), ytest)︸ ︷︷ ︸

=: gtest

⊤
H−1

θ2
∇θ2ℓ(hθ2(rtrain), ytrain)︸ ︷︷ ︸

=: gtrain

, (9)

where Hθ2 is the Hessian of the training loss w.r.t. θ2.

A crucial philosophical asymmetry now arises: IFs measure how a training point affects the loss
on a test point. The test point serves as a fixed evaluation context—we care about its loss, but we
do not attribute influence to its internal structure. Consequently, while both zrtrain and zrtest are latent
representations, our goal is to decompose the training-side gradient gtrain into contributions from
individual latent coordinates of rtrain. In contrast, gtest requires no decomposition; it is obtained by
a single backward pass through θ2 after computing rtest via θ1. To make this asymmetry explicit in
notation, we use the notation Ir(zrtrain, ztest):

Ir(zrtrain, ztest) = I(zrtrain, (hθ1(xtest), ytest)) = I(zrtrain, z
r
test), (10)

where the superscript r on I signals that attribution targets the training representation. The core
challenge lies in attributing gtrain to individual latent coordinates of rtrain in a manner that reflects
their actual computational attribution,2 which we articulate in Section 3.3. Now, by mapping these
influential features back to the specific words that activate them, our explanations more faithfully
capture the model’s internal reasoning—moving beyond isolated token attributions toward coherent,
feature-driven interpretability.

3.3 Feature-Level Attribution via Integrated Gradients

Recall that our goal is to attribute the training-side gradient to individual latent coordinates of rtrain.
To make this dependence explicit and to evaluate it at different inputs, we define a function G that

2Decomposing gtest would answer a different question (e.g., “which test features make it sensitive to training
data”). The Hessian Hθ2 depends solely on training data, and the perturbation is applied to the training point;
thus, rtest’s internal composition is irrelevant for the attribution we seek.
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any intermediate representation r to the corresponding gradient on θ2:
G(r) = ∇θ2ℓ(hθ2(r), ytrain) , (11)

with the loss evaluated using the fixed training label ytrain. By construction, gtrain = G(rtrain).

In contrast to token attribution in autoregressive tasks, G(r) is a single vector within the high-
dimensional parameter space of θ2; consequently, it cannot be linearly separated into distinct com-
ponents for individual neurons. A naive approach would be to consider the directional derivative
∂G/∂r(j), which measures how an infinitesimal perturbation to neuron j affects the gradient. While
this captures local sensitivity, it does not tell us how much that neuron’s activation contributes to the
actual value of G(r) when transitioning from an inactive to an active state. This issue is commonly
addressed by defining contributions relative to a baseline representing the absence of the features
(e.g., integrated gradients [Sundararajan et al., 2017b], Shapley values [Lundberg and Lee, 2017]).
For sparse representations learned by SAEs, the natural baseline is r0 = 0, corresponding to the
manifold where “all features are inactive.” We therefore consider the change ∆G = G(rtrain)−G(0),
which captures the effect of turning on the active features.

To decompose ∆G into per-neuron attributions, we adopt the axiomatic framework of integrated
gradients [Sundararajan et al., 2017b]. This method attributes the output of a scalar model to its
input features by integrating the gradients along a straight-line path from a baseline to the realized
representation. We parametrize this straight-line path by α ∈ [0, 1], and, abusing the notation, denote
it as r(α). Because our baseline is the origin (r0 = 0), this straight-line path is the scaling function
r(α) = αrtrain. By the chain rule of calculus, the rate of change of the gradient along this path is
driven entirely by the representation itself:

d

dα
G(r(α)) = JG(αrtrain)

dr(α)

dα
= JG(αrtrain)rtrain. (12)

Applying the fundamental theorem of calculus, we integrate this derivative to express the total
gradient change:

G(rtrain)−G(0) =

∫ 1

0

JG(αrtrain) rtrain dα, (13)

where JG(r) ∈ R|θ2|×dl is the Jacobian of G with respect to r. Expanding the product coordinate-
wise yields an exact additive latent decomposition:

G(rtrain) = G(0) +

dl∑
j=1

r
(j)
train

(∫ 1

0

JG(αrtrain) ej dα

)
. (14)

We provide a detailed proof of this decomposition in Appendix E.1.

Computing the exact integral is expensive. To obtain a scalable estimator, we approximate the integral
by evaluating the Jacobian at a particular point along the path, r⋆. This represents a backward
first-order Taylor expansion from the realized activations, defining our per-neuron latent contribution
as:

∆Gj(r
⋆) := r

(j)
train JG(r

⋆) ej . (15)

By choosing r⋆ = rtrain, this yields a computationally-efficient approximation because it evaluates
the Jacobian using activations already materialized during the standard forward pass. Moreover,
the multiplicative factor r(j)train guarantees that contributions correctly vanish for inactive features,
satisfying a desirable activation sensitivity property.
Definition 3.2 (Neuron-Level Influence). Using Eq. (15) to adjust for activation attribution, the
influence score attributed to neuron j in the training representation rtrain is defined as

Ir
j (z

r
train, ztest) = − g⊤testH

−1
θ2

∆Gj(rtrain), (16)

where gtest = ∇θ2ℓ(hθ1(xtest), ytest) and Hθ2 is the downstream Hessian.

This formulation attributes influence to a neuron only if (i) it is active in the representation (r(j)train ̸= 0)
and (ii) its activation induces a change in the downstream parameter gradient, as quantified by the
scaled Jacobian column JG(rtrain) ej . The sign convention ensures that positive influence corresponds
to improved train–test gradient alignment. Consequently, the score provides a causal, influence-based
measure of each neuron’s contribution, offering a rigorous alternative to correlational metrics like
raw activation magnitude [Koh and Liang, 2017, Geiger et al., 2021].
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Table 1: Finetuning results across base models. ∆ denotes LoRA-SFT minus baseline accuracy.

CommonsenseQA OpenBookQA

Model Pretrained LoRA-SFT ∆ Pretrained LoRA-SFT ∆

Llama-3.2-1B 28.99% 69.21% +40.22% 26.60% 70.80% +44.20%
Llama-3.2-1B-IT 50.61% 72.40% +21.79% 42.00% 72.80% +30.80%
Qwen2.5-1.5B 67.49% 74.45% +6.96% 64.80% 79.60% +14.80%
Qwen2.5-1.5B-IT 72.81% 74.28% +1.47% 69.40% 77.60% +8.20%

3.4 Scaling Influence From JVPs to Constant-Time Derivative Swapping

In Definition 3.2, the contribution of neuron j relies on the Jacobian column JG(rtrain) ej . For LLMs,
materializing the full Jacobian JG ∈ R|θ2|×dl is memory-prohibitive. A standard circumvention is
to compute this column implicitly using a Jacobian-vector product (JVP) [Baydin et al., 2018]. By
the definition of the directional derivative, evaluating the Jacobian along the standard basis vector ej
yields:

JG(rtrain) ej =
d

dε
G(rtrain + εej)

∣∣∣∣
ε=0

= JVP(G, rtrain, ej). (17)

Putting Eq.s (15)-(17) together, we obtain a computable form for the neuron-level influence:

Ir
j (z

r
train, ztest) = − g⊤testH

−1
θ2

r
(j)
train JVP(G, rtrain, ej). (18)

Here, the JVP term quantifies the downstream gradient sensitivity, while the activation factor (r(j)train)
enforces that only active circuits contribute. This directly connects data-level influence attribution to
feature-level monosemanticity [Bricken et al., 2023].

The Computational Bottleneck. While Eq. (18) avoids storing the full Jacobian, its evaluation
requires computing a separate JVP for every active feature j, making it computationally impractical.
Because G maps to the high-dimensional parameter space θ2, each JVP requires an expensive
forward-over-reverse differentiation pass (O(dl) passes). For SAEs where thousands of features may
fire simultaneously across a sequence, iterating over neurons individually becomes computationally
intractable. We therefore need a method that computes all neuron influences in constant time,
independent of the number of active features.

Constant-Time Influence via Derivative Swapping. The key insight is to exchange the order of
differentiation and summation (via Clairaut’s Theorem), enabling us to obtain all feature influences
from a single backward pass.

Let stest = H−1
θ2

gtest and define P (rtrain) = s⊤testgtrain. Since stest is constant w.r.t. rtrain, we have

∇rtrainP = ∇rtrain

(
s⊤testgtrain

)
, (19)

and the vector of latent influences is

I⃗r(zrtrain, ztest) = −
(
∇rtrainP

)
⊙ rtrain, (20)

reducing complexity from O(dl) to O(1) backward passes (compute ∇θ2ℓ, then backpropagate P to
rtrain).

This constant-time formulation enables simultaneous computation of influence for all latent features
and batch samples, allowing the method to scale to billion-parameter models and sparse autoencoders
with tens of thousands of features, which significantly improves the efficiency of the framework. The
full proof is provided in Appendix E.2. For speedup and memory-saving analysis, we redirect readers
to Appendix D.

4 Experiments

We evaluate on three multiple-choice QA benchmarks: MedQA Han et al. [2023], OpenBookQA Mi-
haylov et al. [2018], and CommonsenseQA Talmor et al. [2019]. All experiments start from task-
finetuned models, and influence is measured with respect to the resulting task-adapted model at
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Table 2: SAE insertion results on OpenbookQA. ∆ denotes +SAE minus finetuned accuracy.

Selected layer Best layer

Model LoRA-SFT Layer +SAE ∆ Layer +SAE ∆

Llama-3.2-1B-IT 72.80 11 70.40% -2.40% 13 72.60% -0.20%
Qwen2.5-1.5B-IT 77.60 17 76.80% -0.80% 17 76.80% -0.80%

Table 3: Orthogonality statistics across representation spaces on OpenbookQA, Llama-3.2-1B. Lower
is better for entanglement metrics, higher is better for rank and near-orthogonality.

Space Mean Abs ↓ Mean Sq ↓ Frob. Norm ↓ Stable Rank ↑ % Pairs < 0.1 ↑
Text 0.121 0.039 0.198 5.35 64.9%
Pre-Latent 0.824 0.730 0.854 1.17 2.0%
SAE Latent 0.074 0.022 0.149 7.93 83.5%

inference time. We use OpenBookQA and CommonsenseQA as the primary quantitative benchmark
in the main text, and defer additional dataset results and full experimental details to the appendix
(Appendix C). We study small open-weight, instruction-tuned LLMs from the Llama and Qwen
families (∼1B parameters).

Setup and Pipeline For a given task, the pipeline proceeds as follows: (1) finetune a pretrained
LLM on the task dataset (Sec 4.1); (2) insert an SAE at an intermediate layer and train it with frozen
LLM weights to obtain sparse latent features (Sec 4.1); (3) pre-filter candidate training examples
using gradient similarity to reduce influence computation cost and evaluate pre-filtering stability
(Sec 4.3). (4) compute representation-level influence scores at the SAE layer (defined in Sec. 3.4) to
rank training examples and latent features, and presents the quantitative evaluation (Sec. 4.4).

4.1 Task Performance After Finetuning and SAE Insertion

A basic requirement for practical auditing is that 1) finetuning yields meaningful task-specific updates
and 2) inserting the SAE layer does not significantly degrade the task performance. We therefore
report (i) pretrained and LoRA-SFT accuracy across base models in Table 1 and (ii) the accuracy
change from inserting an SAE at the chosen layer in Table 2. We additionally report full sweeps
over SAE insertion layers across datasets and models in Appendix B, showing that performance is
sensitive to the placement of the representation bottleneck.

LoRA Supervised Finetuning. Tables 1 show that LoRA-SFT yields substantial gains across all
base models, with the largest improvements for Llama-3.2-1B (+44.2%/40.22%) and Llama-3.2-1B-
IT (+30.8%/21.79%). Qwen2.5-1.5B starts from a stronger baseline and thus shows smaller but still
meaningful gains. These results confirm that finetuning produces large, measurable task specific
updates, which is a prerequisite for downstream influence analysis.

Layer selection logic. Rather than selecting the globally best post insertion layer, we choose the
best layer within the middle half of the network (late layers can be less informative): layers 4–12 for
Llama-3.2-1B-Instruct and 7–22 for Qwen2.5-1.5B-Instruct. We report both the selected and best
layers, and provide the full sweep in the Appendix B.

SAE insertion. Table 2 shows that inserting an SAE at an intermediate layer largely preserves
finetuned performance: Qwen2.5-1.5B-IT drops by only 0.8 points at its selected (and best) layer,
whereas Llama-3.2-1B-IT drops by 2.4 points at the selected layer. However, the “best layer” results
indicate that most of Llama’s degradation can be recovered by a nearby layer choice (down to a 0.2
point drop), suggesting that the main cost comes from bottleneck placement rather than the SAE
mechanism itself; layer selection is therefore a key hyperparameter for balancing interpretability and
accuracy.
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(a) Llama-3.2-1B-Instruct (necessity). (b) Llama-3.2-1B-Instruct (sufficiency).

(c) Qwen2.5-1.5B-Instruct (necessity). (d) Qwen2.5-1.5B-Instruct (sufficiency).

Figure 2: Necessity and sufficiency tests on OpenbookQA. For necessity, we rank and remove top-k
SAE features using RepInf and three baselines, then report ∆logit, ∆NLL, and flip rate after masking.
For sufficiency, we keep only top-k features and report the retained correct logit and correct rate.

4.2 Latent Space Orthogonality Analysis

We evaluate representation disentanglement by comparing feature orthogonality across three spaces:
input text embeddings, dense pre-latent activations (immediately before SAE insertion), and the
k-sparse SAE latent space. Following prior work, we summarize orthogonality using the off-diagonal
Gram statistics (mean absolute value, mean squared value, and Frobenius norm), the fraction of near-
orthogonal feature pairs (|ρ| < 0.1), and stable rank ||A||2F /||A||22 Fel et al. [2025]. Table 3 shows a
clear separation: pre-SAE latents are highly entangled (stable rank 1.17; 2.0% near-orthogonal pairs),
whereas SAE latents are substantially more disentangled (stable rank 7.93; 83.5% near-orthogonal
pairs). Compared with text embeddings (stable rank 5.35; 64.9% near-orthogonal pairs), the SAE
recovers more orthogonal directions while reducing pairwise correlation magnitude, supporting the
use of sparse latents for influence estimation.

4.3 Gradient Pre-Filtering for Scalable Influence Computation
Exact influence computation over the full training set is expensive. We therefore pre-filter training
examples using gradient similarity and retain only the top 1%–10% candidates per test example.
Concretely, for a test example ztest and each training example zi, we score

si = ⟨∇θL(zi; θ) , ∇θL(ztest; θ)⟩ , (21)

and keep CK(ztest) = TopKi(si). We defer additional experiments on filtering thresholds and
stability to Appendix C.3.

4.4 Quantitative Evaluation: Necessity and Sufficiency Tests

To evaluate the faithfulness of sparse feature influence, we run two deletion/insertion style tests. For
each evaluation sequence, we record the baseline prediction and correct-token statistics, then apply a
binary mask at the SAE layer using a chosen ranking over latent features.

Our core signal is the representation level influence matrix IFR ∈ RN×H for a test sample, where
N is the number of retained training examples after gradient pre filtering and H is the SAE latent
dimension; IFR[i, k] measures the influence of training example i on latent feature k. We aggregate
over training examples (mean over i) to obtain a test conditioned importance vector s ∈ RH with
sk = 1

N

∑N
i=1 IFR[i, k], and take the top-k features under s as the most influential for that test

sample.
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(a) Llama-3.2-1B-Instruct (necessity). (b) OpenbookQA Llama-3.2-1B-Instruct (sufficiency).

(c) Qwen2.5-1.5B-Instruct (necessity). (d) Qwen2.5-1.5B-Instruct (sufficiency).

Figure 3: CommonsenseQA necessity (remove top-k features) and sufficiency (keep top-k features)
tests comparing influence-selected features to baselines.

We compare our influence score against three simple baselines: (i) ranking by activation magnitude,
(ii) ranking by feature frequency, and (iii) a random set. Concretely, for each method we induce an
ordering over latent dimensions and construct:

• Necessity (Remove Top-k): A mask that zeroes out the top-k features, leaving other features
intact.

• Sufficiency (Keep Top-k): A mask that preserves only the top-k ranked features, zeroing all
others.

We evaluate both settings across multiple values of k = {25,50,100,125,150,175,200}. For necessity,
we report the average change in the correct token’s logit (∆logit), the average change in negative log
likelihood (∆NLL), and prediction flip rate relative to the baseline. For sufficiency, we report the
same answer rate and the retained mean correct logit under masking.

Figures 2 and 3 demonstrate a consistent and quantitative separation between influence-based ranking
and all baselines across both Llama-3.2-1B and Qwen2.5-1.5B.

Necessity. Under the remove top-k intervention, influence produces the steepest and most systematic
degradation. On both models and both datasets, removing as few as 50 - 100 influence-ranked features
induces a large negative shift in the correct token logit, a substantial increase in NLL, and a rapid
rise in flip rate, often approaching saturation at moderate k. In contrast, random masking leads to
gradual degradation, while activation magnitude and frequency exhibit intermediate behavior but
consistently weaker impact. The approximately monotonic dependence of ∆logit, ∆NLL, and flip
rate on k suggests that influence induces a meaningful global ordering over latent features in terms of
their causal contribution.

Sufficiency. The keep top-k experiment exhibits the complementary pattern. Influence retains
substantially higher same answer rates and larger correct logits at every k. Notably, a relatively
small subset of influence-ranked features suffices to recover a large fraction of the original predictive
confidence, whereas random and heuristic rankings require many more features and still fail to match
the retained performance. This indicates that predictive information is concentrated in a compact set
of influence identified latent directions.

Interpretation. Taken together, the dual behavior: sharp degradation under removal and strong
recovery under retention, provides evidence that influence ranking captures features that are not
merely highly active or frequent, but structurally implicated in the model’s decision. The consistency
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of this pattern across two distinct architectures further suggests that the effect reflects a representation
level property rather than model specific artifacts.

5 Discussion

We do not report direct comparisons with standard data attribution methods because most prior
approaches operate in input space and evaluate instance-level rankings. In contrast, our framework
estimates representation-level influence in a sparse latent space and only subsequently projects
attributions back to text; conventional ground-truth protocols therefore do not transfer directly.

A more appropriate validation would involve causal interventions: deactivating influential latents
and measuring accuracy drop, or removing the corresponding training signal during finetuning and
evaluating downstream shifts. We leave such intervention-based validation to future work.
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Appendix

A Related Works
Interpretability in LLM Interpretability methods range from black-box approaches like pertur-
bation and sensitivity analysis [Casalicchio et al., 2018, Ribeiro et al., 2016, Covert et al., 2021,
Warstadt et al., 2020], to gradient-based attribution methods [Smilkov et al., 2017, Sundararajan
et al., 2017a, Bach et al., 2015, Shrikumar et al., 2017, Selvaraju et al., 2016, Bilodeau et al., 2024],
and concept-based representations probing [Belinkov, 2022, Kornblith et al., 2019, Bansal et al.,
2021, Burns et al., 2023, Zou et al., 2023, Arditi et al., 2024]. More recent work in mechanistic
interpretability focuses on reverse-engineering internal model structures through circuit analysis [Olah
et al., 2018, Elhage et al., 2021, 2022b], and feature discovery [Bricken et al., 2023, Sharkey, 2022,
Cunningham et al., 2023, Deng et al., 2023]. In addition to monosemanticity and disentanglement,
this line of work has enabled analyses of motifs like induction heads or copy suppression [Olsson
et al., 2022, McDougall et al., 2023, Cammarata et al., 2020, 2021], universality [Chan et al., 2023,
Gurnee et al., 2023, Marchetti et al., 2023], and emergent world models [Li et al., 2023, Nanda,
2023, Ivanitskiy et al., 2023, Karvonen, 2024, Shanahan et al., 2023, janus, 2022]. Unlike these
approaches, which often prioritize global model understanding, our method emphasizes actionable,
testable attributions tailored for high-stakes domains like healthcare, where rapid fact-checking and
validation of model decisions are critical for reliability and trust.

Sparse Autoencoders and Independent Features SAEs learn disentangled, interpretable features
via sparsity constraints (e.g., L1 penalty), promoting statistical independence in latent representations.
This approach builds upon a long history of seeking independent data components, including classical
linear methods like Principal Component Analysis (PCA) [Jolliffe and Cadima, 2016] and Independent
Component Analysis (ICA) [Hyvärinen, 2013], as well as nonlinear probabilistic frameworks like
Variational Autoencoders (VAEs) [Kingma and Welling, 2014]. However, SAEs offer a uniquely
transparent and deterministic pathway to feature learning that balances sparsity and reconstruction
fidelity. They are widely used for mechanistic interpretability in LLMs [Cunningham et al., 2023,
Bricken et al., 2023, Templeton et al., 2024b, Marks et al., 2024], with variants including k-sparse
SAEs [Makhzani and Frey, 2013], gated and JumpReLU SAEs [Rajamanoharan et al., 2024], and
TopK methods [Gao et al., 2024, Bussmann et al., 2024]. Beyond language, SAEs extend to
multimodal domains Surkov et al. [2025], radiology and medical imaging [Abdulaal et al., 2024],
and reinforcement learning alignment [Yin et al., 2024], demonstrating versatility across tasks.
Recent work shows that transcoders (which approximate dense MLP behavior via wider, sparsely-
activating networks) often match or exceed SAEs in interpretability and fidelity [Dunefsky et al.,
2024]. Extending our framework to handle independent logits from a transcoder is promising but
beyond the scope of this work.

Monosemanticity and Disentanglement The pursuit of monosemantic features, where neurons
respond to single coherent concepts, represents a major focus in interpretability research. This effort
addresses the phenomenon of polysemanticity, explained through the superposition hypothesis [Olah
et al., 2018, Elhage et al., 2021, 2023, Scherlis et al., 2023, Henighan et al., 2023]. Solutions include
both architectural modifications such as k-sparse autoencoders [Makhzani and Frey, 2013], softmax
linear units [Elhage et al., 2022a, Rajamanoharan et al., 2024], as well as post-hoc methods like
SAEs [Bricken et al., 2023, Sharkey, 2022, Cunningham et al., 2023, Deng et al., 2023]. Studies have
examined the linearity of representations [Nanda, 2022, Engels et al., 2024, O’Mahony et al., 2023,
Hendel et al., 2023, Todd et al., 2023, Hernandez et al., 2023, Chanin et al., 2023, Tigges et al., 2024,
Arditi et al., 2024], identified counterexamples such as circular features [Engels et al., 2024] and
non-linear perspectives [Black et al., 2022]. Geometry-aware analyses show structured organization
[Park et al., 2024], and scaling studies [Templeton et al., 2024b] suggest disentanglement improves
with model size. While these works aim for complete monosemanticity, our approach uses SAEs to
obtain approximately independent features specifically to enable more reliable influence estimation,
prioritizing practical interpretability over full disentanglement.

B SAE Layer Sweep and Training Results

We sweep SAE insertion layers and SAE configurations across benchmarks. Accuracy is typically best
preserved in intermediate layers, and can degrade when inserting too early (low-level representations)
or too late (near task-head computations). In all plots, the shaded region denotes the middle-half of
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Figure 4: Accuracy change ∆ versus SAE insertion layer on MedQA across SAE configurations.

the network layers considered in the main experiments (Section 4.1). Concretely, for a model with L
transformer blocks, the middle-half range is

Lmid = {⌈L/4⌉, . . . , ⌊3L/4⌋}.
The red dot marks the best recovered accuracy (smallest drop) over the full sweep. The selected layer
is the best layer restricted to Lmid.

Takeaways. Across all three datasets: (i) there typically exists a contiguous band of intermediate
layers where the post-insertion accuracy drop is small; (ii) the optimal insertion layer can shift by
several blocks across model families and datasets; and (iii) larger SAEs (higher latent dimension H)
tend to be more forgiving to insertion, while more aggressive sparsity (smaller k) increases layer
sensitivity. These trends motivate the layer-selection rule in Section 4.1: we search within Lmid to
avoid both input-adjacent and head-adjacent regimes, and we report both the selected layer (restricted
to Lmid) and the best layer over the full sweep.

Depth trade-off: downstream preservation vs. feature utility. To quantify the trade-off between
preserving downstream behavior and obtaining useful/interpretable features, we compare necessity
test scores at two insertion depths (L10 and L13). For Llama-3.2-1B-Instruct on OpenBookQA,
Layer 10 is the selected layer under our middle-half selection policy, while Layer 13 is the best
performance layer; both points are marked in Figure 5. Table 4 shows that the deeper layer (L13)
consistently yields smaller NLL increase for most k, indicating worse task behavior preservation,
while also exhibiting substantially lower flip rates, indicating weaker controllable feature effects.
This supports the practical choice of intermediate layers for auditing: deeper insertion can preserve
accuracy better, but the resulting features tend to be less interpretable/usable for intervention-based
analysis.

C Experimental Details

This appendix records the settings needed to reproduce the experiments in Section 4.

C.1 Models and fine-tuning

• Base models. Qwen2.5-1.5B-Instruct and Llama-3.2-1B-Instruct.
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Figure 5: Accuracy change ∆ versus SAE insertion layer on OpenBookQA across SAE configura-
tions.

Table 4: Trade-off across insertion depth: intermediate insertion layer better preserves downstream
behavior and yields stronger intervention effects with lower ∆NLL and higher flip rate(FR), suggest-
ing higher feature usefulness for interpretability.

k ∆NLL (L10) ∆NLL (L13) FR (L10) FR (L13)

10 0.6498 0.2897 0.384 0.182
25 1.3853 0.8533 0.558 0.354
50 2.1468 2.1452 0.646 0.460
75 4.4718 2.9893 0.836 0.582
100 8.2704 4.4470 0.964 0.656
150 10.3935 9.8442 0.998 0.756
200 9.4899 10.3416 1.000 0.862

• Fine-tuning. We experiment with both full fine-tuning and LoRA. LoRA is faster and
more memory-efficient; in our setting it also yields better task performance, consistent with
reduced catastrophic forgetting under constrained compute.

• Optimization. AdamW with learning rate 2 × 10−4, batch size 32, 4 epochs, maximum
sequence length 512..

• Evaluation. Accuracy over multiple-choice options {A,B,C,D,E}, extracted from the
model generation using a deterministic option parser.

C.2 SAE training

• Insertion layers. Llama: layers 4–12; Qwen: layers 7-22. The reported “selected layer” is
the best-performing layer within Lmid.

• Objective. Reconstruction MSE on the instrumented hidden state, optionally trained jointly
with the downstream task loss when enabled (see Table 5).

• SAE size and sparsity. Latent dimension H ∈ {2048, 1024, 512} and Top-k sparsity
k ∈ {256, 128, 64}.

• Training data and steps. 2 epochs.
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Figure 6: Accuracy change ∆ versus SAE insertion layer on CommonsenseQA across SAE configu-
rations.

Table 5: Key experimental hyperparameters used throughout the appendix.
Category Setting

Fine-tuning LoRA; AdamW, lr 2× 10−4, batch size 32, 4 epochs, max length 512.
SAE Layer sweep: Llama 4–15, Qwen 4–26; objective: reconstruction MSE;

H ∈ {2048, 1024, 512}, k ∈ {256, 128, 64}.
Filtering Gradient similarity pre-filtering; retained fraction 1%–10%.
Influence iHVP via CG using batched empirical loss (batch size 8); damping 10−3;

20 iterations.

C.3 Influence computation and filtering

Gradient pre-filtering. We rank training examples by cosine similarity between their gradients
and the test gradient:

sim(zi, ztest) =
⟨gi, gtest⟩
∥gi∥ ∥gtest∥

,

gi = ∇θℓ(hθ(xi), yi),

gtest = ∇θℓ(hθ(xtest), ytest).

(22)

We retain the top {1% / 5% / 10%} candidates for exact influence computation.

iHVP approximation. We compute H−1
θ2

gtest using conjugate gradient (CG), with damping 1e-3
and iteration budget 20. Unless otherwise stated, the empirical Hessian is formed using a batched
loss with batch size 8 to improve curvature stability.

Influence target. Unless otherwise stated, influence is computed on the test loss.

C.4 Qualitative Attribution: Linking Predictions to Training Evidence
We now present case studies illustrating how our method links a test prediction to specific training
evidence. For each case, we report the model prediction, the most influential training examples, and
token-level heatmaps obtained by projecting representation-level influence back to the input space.
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Case study protocol. We select test instances that are predicted incorrectly by the pretrained model
but become correct after finetuning, so that the attributions reflect task-specific learning rather than
generic priors. We run this procedure for both Llama-3.2-1B-Instruct and Qwen2.5-1.5B-Instruct;
for readability, the main text shows one representative example and additional cases (including
Qwen-based results) are provided in Appendix C.4.

For each selected test example, we compute representation-level influence IFR and use it to rank
influential latent features and influential training examples. We then visualize token-level influence
by projecting the influential latent signal onto SAE activations and color tokens by their dominant
influential latent, with intensity given by activation × influence (normalized per sentence).

Case study A: Evidence retrieval highlights clinically salient cues. Figure 7 presents a test
question involving low urine output following major surgery together with its most influential training
example. Tokens are colored according to the dominant latent feature they project onto, while color
intensity reflects the product of token-level activation and latent influence, normalized within each
sentence. In both the test and training samples, the same latent features concentrate on tokens
describing reduced urine output, low blood pressure, and abnormal kidney-related measurements.
Notably, these shared latent activations span different surface descriptions, including postoperative
fluid loss in the test case and cardiac-related stress in the training example. This suggests that the
model internally represents a common physiological condition: reduced blood flow to the kidneys
leading to compensatory salt and water retention, and reuses this representation to support its
prediction. The observed alignment indicates that the model’s reasoning is mediated by consistent
latent features rather than direct lexical overlap between the two samples.

We run the full influence-and-retrieval pipeline on all correctly predicted test samples, using gradient-
filtered training candidates, for both Qwen2.5-1.5B-Instruct and Llama-3.2-1B-Instruct. In Section 4,
we report a single representative case study for readability; here we provide additional examples
(including Qwen-based results) to support the claim that the qualitative patterns hold across model
families.

Each case includes a test question and its most influential retrieved training example, visualized with
the same token-level influence heatmap scheme as in the main paper.

C.5 Case Study B: Seizure, temporal lobe hemorrhage, and vasogenic edema

The test question in Figure 8 describes fever, headache, behavioral changes, and a seizure with
MRI evidence of temporal lobe edema and hemorrhage. The correct mechanism is endothelial
tight-junction breakdown, i.e., blood–brain barrier disruption causing vasogenic edema.

The retrieved training example also involves seizure and marked cerebral edema. The heatmaps
highlight influential latent features concentrating on shared mechanistic cues (edema on imaging
and tight-junction loss) rather than incidental details, yielding an auditable link from the test-time
prediction to training evidence through a coherent latent motif (BBB disruption → vasogenic edema).

C.6 Case Study C: Post-operative oliguria and prerenal physiology

The test question in Figure 9 concerns post-operative oliguria with dry mucous membranes and rising
BUN/creatinine, consistent with prerenal physiology; the correct choice is low urine sodium.

The retrieved training example also discusses low urine output and renal injury markers (e.g., BUN:Cr
ratio, muddy brown casts). The heatmaps emphasize urine output and prerenal diagnostic features,
while down-weighting tokens tied to intrinsic injury, clarifying why the model favors the prerenal
“low urine sodium” conclusion.

C.7 Case Study D: Asthma exacerbation and small-airway obstruction

The test example in Figure 10 describes an 8-year-old with shortness of breath and dry cough after
environmental exposure, diffuse end-expiratory wheezing, and a decreased inspiratory-to-expiratory
ratio. The correct choice is terminal bronchioles, consistent with inflammation and narrowing of
small airways in an obstructive process.
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The retrieved training example concerns a severe asthma presentation and asks for a classic physio-
logic finding (pulsus paradoxus). Although the questions differ, influential latents activate on shared
features related to bronchospasm and respiratory distress (e.g., wheeze, reduced airflow, difficulty
breathing). This illustrates that representation-level influence can connect test predictions to training
evidence through a shared obstruction motif, without requiring exact surface-form matching.

D Scaling to 1B-Parameter LLMs

Scaling representation influence to 1B-parameter LLMs is challenging due to: (i) memory blow-ups
from naïvely materializing second-order objects or large JVP tensors; and (ii) numerical instability
when the empirical Hessian exhibits negative curvature, which can break iterative solvers.

D.1 Memory scaling via contraction order

We compute the representation influence for latent dimension j as

Ir
j (z

r
train, ztest) = − g⊤testH

−1
θ2︸ ︷︷ ︸

iHVP term

JVP(G, rtrain, ej)︸ ︷︷ ︸
per-latent JVP

, (23)

where Hθ2 is the Hessian of the training objective restricted to downstream parameters θ2 and gtest is
the test gradient.

Avoiding Hessian materialization. We never explicitly construct Hθ2 . Instead, we rely on Hessian-
vector products (HVPs) computed via automatic differentiation, enabling CG solves without storing
the Hessian.

Avoiding Jacobian materialization. A naive implementation computes all {JVP(G, rtrain, ej)}Hj=1
in one autograd call by concatenating basis vectors; this leads to catastrophic memory usage. Profiling
shows the per-feature JVP stage can allocate ∼10–15 GB on GPT-2, and aggregation can add another
∼10–15 GB, pushing peak memory toward ∼40 GB. Dense offloading is worse: storing the full
Jacobian scales as O(H · |θ2|) and can reach hundreds of GB at 1B scale.

We therefore compute influence in a streamed contraction manner:

1. Precompute iHVP once per test input. Compute s⊤test ≜ g⊤testH
−1
θ2

once and reuse it across all
latent dimensions.

2. Fuse JVP with contraction. For each j, compute rj ≜ JVP(G, rtrain, ej) and immediately
contract Ir

j = −s⊤testrj , then discard rj .

This reduces storage from O(H · |θ2|) to O(|θ2|) and avoids Jacobian storage. In our Llama-3.2-1B
profiling, this reduces the peak from an estimated dense-materialization regime (∼400 GB) to a
practical tens-of-GB regime.

D.2 Stabilizing iHVP under noisy curvature

We obtain s⊤test by solving Hθ2v = gtest using CG, where Hv is computed via autograd HVPs.
Although CG assumes symmetric positive definite curvature, too-small batches yield noisy empirical
Hessians with occasional negative curvature, manifested as p⊤Hp < 0 and early termination or
degenerate solutions. Empirically, batch size ≤ 4 can cause a large fraction of influence entries to
collapse to near-zero due to solver instability. We therefore define Hθ2 using a batched empirical loss
with batch size 8 for stable curvature in all 1B runs.

D.3 Compute-time scaling and accelerations

Compute is dominated by the latent loop if we explicitly sweep per-feature JVPs. Without fur-
ther reductions, on Llama-3.2-1B the per-(ztrain, ztest) cost decomposes into roughly ∼1 s (for-
ward/backward), ∼5 s (CG iHVP), and ∼30–60 s (full JVP sweep, depending on model and SAE
size), which is infeasible when repeated over many training candidates.

We apply two practical reductions:
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Table 6: Runtime and memory breakdown for 1B-scale influence computation per (ztrain, ztest) pair,
based on our profiling. “JVP sweep” corresponds to streamed contraction (no Jacobian storage).

Component Time (s) Peak GPU mem

Forward/backward ∼1 –
CG iHVP solve ∼5 –
Llama-3.2-1B JVP sweep ∼35 ∼50 GB
Qwen-2.5-1.5B JVP sweep ∼60 ∼100 GB

Table 7: Runtime breakdown (seconds) per (ztrain, ztest) pair using the gradient-derivative formulation
on Qwen-2.5-1.5B.

Operation Time (s)

Train forward 0.2388
Compute batched iHVP 3.4927
Gradient projection 0.2228
Sensitivity backprop 0.4834
Attribution & aggregation 0.0001

Total 4.4378

1. Task-sized SAE. Since MedQA fine-tuning has ∼9k training samples, we train effective SAEs
with latent size H = 512 and Top-k = 64, reducing the JVP sweep to ∼30 s and total to ∼40 s
per candidate training example.

2. Gradient-similarity pre-filtering. We compute exact influence only on the top 1%–10% training
candidates ranked by gradient cosine similarity.

With these reductions, end-to-end influence computation is ∼1 hour per test sample in our setting.

D.4 Further acceleration via the gradient-derivative formulation (Sec. 3.4)

Beyond streamed JVP contraction, we exploit the gradient-derivative reformulation from Sec. 3.4,
which eliminates the explicit per-feature JVP sweep. Recall that representation influence can be
written as

Ir(zrtrain, ztest) = −s⊤testG(rtrain), (24)

where s⊤test ≜ g⊤testH
−1
θ2

and G(rtrain) = ∇θ2ℓ(hθ2(rtrain), ytrain). Instead of iterating over j and
computing JVP(G, rtrain, ej), we directly differentiate the scalar projection with respect to rtrain:

∇rtrain

(
s⊤testG(rtrain)

)
. (25)

This single reverse-mode pass produces the full latent-level influence vector {Ir
j }Hj=1, replacing an

O(H) JVP loop with one sensitivity backpropagation.

Overall compute comparison. Table 9 compares the streamed-JVP pipeline with the gradient-
derivative formulation. The latter removes the ∼30–60 s JVP sweep (Table 6) and reduces total
per-pair runtime to ≈ 2–4 seconds, corresponding to a ∼ 10×–20× practical speedup.

Combined with batched iHVP solves and gradient-similarity pre-filtering, this reduction makes
representation-level influence computation practical for 1B–1.5B parameter LLMs under commodity
multi-GPU constraints.

E Proofs

E.1 Exact Path-Integral Decomposition

Let G : Rdl → R|θ2| be continuously differentiable. Fix r0, rtrain ∈ Rdl and define the straight-line
path

r(α) = r0 + α(rtrain − r0), α ∈ [0, 1]. (26)
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Table 8: Runtime breakdown (seconds) per (ztrain, ztest) pair using the gradient-derivative formulation
on Llama-3.2-1B.

Operation Time (s)

Train forward 0.0947
Compute batched iHVP 1.6803
Gradient projection 0.1443
Sensitivity backprop 0.2460
Attribution & aggregation 0.0001

Total 2.1654

Table 9: End-to-end per-(ztrain, ztest) runtime comparison (seconds).
Model Streamed JVP Gradient-Derivative

Llama-3.2-1B ∼40 2.17
Qwen-2.5-1.5B ∼60 4.44

Path integral identity. By the chain rule,

d

dα
G(r(α)) = JG(r(α))

dr(α)

dα
= JG(r(α))(rtrain − r0), (27)

where JG(r) denotes the Jacobian of G. Applying the fundamental theorem of calculus,

G(rtrain)−G(r0) =

∫ 1

0

d

dα
G(r(α))

=

∫ 1

0

JG(r(α))(rtrain − r0) dα.

(28)

Coordinate decomposition. Using the canonical basis expansion

rtrain − r0 =

dl∑
j=1

(r
(j)
train − r

(j)
0 )ej , (29)

and linearity of integration,

G(rtrain) = G(r0) +

dl∑
j=1

(r
(j)
train − r

(j)
0 )

(∫ 1

0

JG(r(α))ej dα

)
. (30)

Equations Eq. (28)–Eq. (30) hold exactly under the sole assumption that G is continuously differen-
tiable.

E.2 Derivative Swapping with activation

While the Jacobian-vector product (JVP) formulation in Eq. (18) provides a rigorous attribution
mechanism, computing it naively is computationally prohibitive. Evaluating the JVP for each latent
dimension j ∈ {1, . . . , dl} requires dl separate forward-mode passes. For a sparse autoencoder with
thousands of features, this O(dl) complexity leads to severe computational bottlenecks and memory
allocation limits.

We can achieve a massive optimization by exploiting the structure of the computation graph and
the symmetry of mixed partial derivatives (Clairaut’s Theorem). We transition from evaluating dl
directional derivatives to performing a single reverse-mode gradient pass.

The Independence of Upstream Activations. Recall that the model is split at layer l, such that
the latent representation rtrain = hθ1(xtrain) is produced entirely by upstream parameters θ1, while
we differentiate with respect to the downstream parameters θ2 = {θ : θ>l}. Because rtrain serves as
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an input to the downstream computation and does not depend on θ2, it is treated as a constant with
respect to θ2. Therefore, the parameter gradient of the activation is strictly zero:

∂r
(j)
train

∂θ2
= 0. (31)

Equivalence of Inside and Outside Weighting. Let ∆(j) = ∂ℓ

∂r
(j)
train

denote the sensitivity of the

training loss to the j-th latent feature. In our operationalized code, we define a feature’s loss
contribution as s(j) = r

(j)
train∆

(j).

Taking the gradient of this contribution with respect to the downstream parameters θ2, we apply the
product rule:

∂s(j)

∂θ2
=

∂

∂θ2

(
r
(j)
train∆

(j)
)

=
∂r

(j)
train

∂θ2︸ ︷︷ ︸
=0

∆(j) + r
(j)
train

∂∆(j)

∂θ2
. (32)

Because the first term vanishes due to the computation graph cut Eq. (31), we are left with:

∂s(j)

∂θ2
= r

(j)
train

∂

∂θ2

(
∂ℓ

∂r
(j)
train

)
= r

(j)
train

∂G(rtrain)

∂r
(j)
train

, (33)

where G(rtrain) = ∇θ2ℓ. This proves that multiplying the activation “inside” the gradient tracker is
mathematically identical to multiplying by the activation “outside” the mixed-partial term, perfectly
aligning the empirical implementation with the theoretical Taylor decomposition from Definition 3.2.

Order Swapping for Constant-Time Evaluation. We now apply the influence contraction with
the inverse-HVP test signal v = H−1

θ2
gtest. The influence for neuron j becomes:

Ir
j (z

r
train, ztest) = −

(
∂s(j)

∂θ2

)⊤

v = − r
(j)
train

(
∂

∂θ2

∂ℓ

∂r
(j)
train

)⊤

v. (34)

By the symmetry of mixed partial derivatives (assuming standard regularity conditions on the loss
surface), we can swap the order of differentiation:(

∂

∂θ2

∂ℓ

∂r
(j)
train

)⊤

v =
∂

∂r
(j)
train

((
∂ℓ

∂θ2

)⊤

v

)
=

∂

∂r
(j)
train

(
G(rtrain)

⊤v
)
. (35)

Define the scalar projection P = G(rtrain)
⊤v. This scalar represents the alignment between the

training parameter gradients and the test signal. Eq. (35) reveals that the sensitivity for neuron j is
exactly the partial derivative of P with respect to r

(j)
train.

Consequently, the entire vector of sensitivities for all dl neurons can be computed simultaneously by
taking a single gradient of the scalar P with respect to the latent representation rtrain:

Sensitivity Vector = ∇rtrainP = ∇rtrain

(
G(rtrain)

⊤v
)
. (36)

Combining Eq. (34) and Eq. (36), the final influence vector for all latent features is obtained via an
element-wise product (Hadamard product, denoted by ⊙) with the realized activations:

I⃗r(zrtrain, ztest) = −
(
∇rtrainP

)
⊙ rtrain. (37)

This formulation requires only two backward passes total: one to construct the computation graph for
G(rtrain), and a second to compute the gradient of the scalar projection P with respect to rtrain. The
time complexity with respect to the feature dimension drops from O(dl) to O(1). In practice, this
JVP approach enables the simultaneous computation of influences across all latent features and batch
samples, allowing our method to gracefully scale to 1B-parameter models and SAEs with tens of
thousands of features without materializing explosive Jacobians.
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(a) Original test input (token-level influence).

(b) Most influential training sample (token-level influence).

Figure 7: Token-level influence visualizations for a representative MedQA test question (top) and its
most influential training example (bottom). Colors denote the dominant influential latent feature and
intensities denote per-token influence.
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(a) Test input (token-level influence).

(b) Most influential training example (token-level influence).

Figure 8: Case Study A (Llama-3.2-1B-Instruct): seizure, temporal lobe hemorrhage, and vasogenic
edema.
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(a) Test input (token-level influence).

(b) Most influential training example (token-level influence).

Figure 9: Case Study B (Llama-3.2-1B-Instruct): post-operative oliguria and prerenal physiology.
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(a) Test input (token-level influence).

(b) Most influential training example (token-level influence).

Figure 10: Case Study C (Qwen2.5-1.5B-Instruct): asthma exacerbation and small-airway obstruction.
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